This paper presents a phase based stiffness tuning algorithm to overcome the uncertainty of the relation between the magnetic current and the natural frequency for magnetorheological elastomer (MRE) dynamic vibration absorbers (DVA) caused by the nonlinearity of the MRE. The phase difference of the relative acceleration of the DVA mass and the absolute acceleration of the primary system was used to check whether the natural frequency of the DVA is adjusted to the excitation frequency. The magnetic current was controlled by the phase difference, which made the proposed algorithm not rely on the model of the MRE DVA. Both the simulation and the experiment demonstrate that the proposed algorithm is efficient for MRE DVA in rapidly tracking the excitation frequency.
Introduction
Dynamic vibration absorbers (DVA) are widely used in engineering applications to suppress undesired vibration of structures, either globally for rigid structures or locally for flexible structures [1, 2] . DVA can be categorized into passive DVA, semi-active DVA and active DVA. Generally, a passive DVA consists of a mass, a damper and a spring. Once designed, the physical parameters of the passive DVA are fixed. Therefore, it is only effective over a very narrow frequency range. When the excitation frequency varies, a passive DVA may lose its effect. An active DVA can be considered as a passive DVA with an active element attached. By controlling the active force, an active DVA can achieve an excellent vibration attenuation effect. However, there are still some inevitable disadvantages for an active DVA, such as the high energy consumption, complicated mechanical structure and so on [3] . A semi-active DVA can be considered as a passive DVA with variable stiffness and/or damping. With its controllable parameters, a semi-active DVA can track the excitation frequency and overcome the disadvantage of frequency mistuning that occurs in a passive DVA. In addition, in the absence of an active force, a semi-active DVA consume less energy than an active DVA. Therefore, research on semi-active DVA has attracted more and more attention in recent years [1, [4] [5] [6] [7] [8] [9] [10] [11] [12] . During the past decade, a variety of methods have been proposed to design semi-active DVA, such as varying the effective length of a cantilever beam [4] , varying the effective number of helical springs [5] , using smart materials [1, [6] [7] [8] and so on.
The control goal for a semi-active DVA is to make the natural frequency of the DVA coincide with the excitation frequency so as to reduce the vibration of the primary structure. In the literature, most research on the control algorithm for semi-active DVA has focused on the rapid identification of the excitation frequency. For example, Liu [13] made use of information on both the response spectrum and the natural frequencies to identify the excitation frequency; Nagarajaiah [14] used a short time Fourier transform (STFT) algorithm for wind response control of buildings. These algorithms are based on an accurate description of the relationship between the control signal and the natural frequency of the semi-active DVA. When the excitation frequency is identified, the control signal can be calculated by using a lookup table. Obviously, these control algorithms cannot work well if the model of the DVA is unknown or inaccurate. To improve the control effect, Xu [15] proposed first using a lookup table in the coarse adjustment of the control signal, then making fine adjustments by variable step-size optimization. The method does not rely on an accurate model of the DVA and has a satisfactory control effect. However, due to the need to identify the excitation frequency and the fine adjustment process, a relatively long time is needed.
In recent years, magnetorheological elastomer (MRE) has become popular in designing semi-active DVA [9] [10] [11] [12] . MRE is a kind of smart material whose shear modulus can be rapidly, continuously and reversibly controlled by an external magnetic field [16] [17] [18] [19] [20] [21] [22] [23] [24] . By using MRE as a spring element, a MRE DVA can trace the excitation frequency rapidly by controlling the shear modulus of the MRE. However, the shear modulus of MRE is related to the frequency and the shear strain as well as the external magnetic field [25, 26] , which makes the natural frequency of the MRE DVA depend on not only the magnetic field but also the excitation frequency and the amplitude. Therefore, it is difficult to obtain an accurate model to describe the relationship between the natural frequency of the MRE DVA and the magnetic field, i.e. the magnetic current, which makes the reported control algorithm inefficient for the MRE DVA in tracking the excitation frequency quickly. To facilitate the application of MRE DVA in engineering, a control algorithm which does not rely on the model of the MRE DVA and needs a relatively short time to accomplish the retuning process should be investigated.
In this study, a phase based stiffness tuning algorithm for MRE DVA was proposed. The control strategy does not rely on an accurate model of the MRE DVA and can allow the MRE DVA to track the excitation frequency quickly. Following the introduction, the control strategy is discussed in detail. Section 3 gives the simulation results and section 4 shows the experiment validation. Finally, our conclusions are summarized in section 5.
Control strategy

Phase difference
The mathematic model of a single-degree-of-freedom primary system with a DVA attached can be represented as the two-degree-of-freedom system shown in figure 1 , where the green part represents the primary system and the blue part represents the DVA. The equations of motion for the system are expressed as
where m a , c a and k a are the mass, damping coefficient and stiffness of the DVA respectively; m p , c p and k p are the mass, damping coefficient and stiffness of the primary system respectively; x a and x p are the absolute displacement of the DVA and the primary system respectively; f is the harmonic excitation force acting on the primary system. Using Fourier transformation, equation (1) is converted to equation (2), where X a , X p and F are the Fourier transforms of x a , x p and f respectively, ω is the frequency and i 2 = −1.
By solving equation (2), the relationship between X a and X p can be expressed as
where
In equation (4), ω a and ξ a are the natural frequency and the relative damping coefficient of the DVA respectively, is a dimensionless frequency. According to equation (3), the phase-lag of X a with respect to X p is expressed as
where α is the phase angle of X a with respect to X p and the range of the inverse tangent is (−π/2, π/2). Figure 2 shows the relationship between the phase angle and the dimensionless frequency, where the legend values are the relative damping coefficients. The control goal of a semi-active DVA is to make the natural frequency of the DVA coincide with the excitation frequency. From figure 2, when the dimensionless frequency equals 1, i.e. the natural frequency of the DVA is equal to the excitation frequency, the phase difference between the absolute displacements of the DVA mass and the primary system is not a constant. When the relative damping coefficient is 0, the phase angle is 90 • . With increasing damping, the phase angle decreases. When the damping coefficient of the DVA is smaller than 0.05, the phase angle is roughly 90 • within an acceptable error. Therefore, for a low damping DVA, the phase angle being equal to 90 • can be used to check whether the natural frequency of the DVA coincides with the excitation frequency [27] . However, for a large damping DVA, such as a MRE based DVA, the large damping causes an unacceptable error. Under this condition, the phase difference cannot give correct information on the stiffness tuning error.
Considering the relative displacement of the DVA mass with respect to the primary system, the relative displacement of the DVA mass is written as
Therefore, the phase difference between the relative displacement of the DVA mass and the absolute displacement of the primary system is expressed as
where φ is the phase angle of X a -X p with respect to X p and the range of the inverse tangent is (−π/2, π/2). Figure 3 plots the relationship between the phase difference and the dimensionless frequency. It can be seen that the phase angle is always equal to 90 • when the natural frequency coincides with the excitation frequency. Even if the damping is large, the phase difference can give the correct information on the Phase difference between the relative displacement of the DVA mass with respect to the primary system and the absolute displacement of the primary system. stiffness tuning error. Therefore, the phase difference between the relative displacement of the DVA mass and the absolute displacement of the primary system can be used to check whether the natural frequency of the DVA coincides with the excitation frequency. Equation (7) gives the phase difference between the relative displacement of the DVA mass and the absolute displacement of the primary system. Actually, the phase difference between the relative velocity/acceleration of the DVA mass and the absolute velocity/acceleration of the primary system can also be expressed as equation (7). The relationship among the displacement, the velocity and the acceleration is
where V a and A a are the absolute velocity and the absolute acceleration of the DVA mass respectively; V p and A p are the absolute velocity and the absolute acceleration of the primary system respectively. From equation (8), the following equation (9) holds.
Therefore, in engineering applications, the phase differences of displacement, velocity or acceleration can be used to check whether the natural frequency of the MRE DVA coincides with the excitation frequency. Which one is chosen depends on which signal is the easiest to obtain compared to the other two. In this study, acceleration signals were chosen for real-time control as the acceleration signals were easy to obtain by the acceleration sensors attached to the MRE DVA mass and the primary system.
Phase detector
In order to obtain the phase difference of the relative acceleration of the DVA mass and the absolute acceleration of the primary system, a phase detector is necessary in the signal processing. The two harmonic signals are expressed as:
where A 1 and A 2 are the amplitudes of the two harmonic signals, ω is the frequency, and θ is the phase angle. Therefore, the following formula holds.
where y 1rms and y 2rms are the root mean square (RMS) values of y 1 and y 2 respectively. Equation (12) denotes the relationship between the RMS value and the amplitude of a signal.
where y rms is the RMS value of the signal and A is the amplitude of the signal. From equation (11), the product of y 1 and y 2 normalized by the RMS values consists of two parts. One is the cosine of the phase angle, which is a constant, and the other is a harmonic part with frequency 2ω, which can be filtered by a low-pass filter. Therefore, the phase angle can be obtained from the normalized product by a low-pass filter. Also, the RMS value can also be obtained by a low-pass filter.
As shown in equation (13), the square of the signal consists of a DC part and a harmonic part. Filtered by a low-pass filter, the DC part, which is the square of the RMS value, is retained. Thus, the RMS value is obtained. Figure 4 shows the schematic diagram of the phase detector. Using some simple mathematical operations in conjunction with low-pass filters, the phase difference between the two signals can be calculated easily. Therefore, in real-time control, the desired phase difference between the relative acceleration of the DVA mass and the absolute acceleration of the primary system can be obtained.
Stiffness tuning
For a MRE DVA, it is difficult to obtain an accurate model to describe the relationship between the magnetic current and the natural frequency. To facilitate the application of a MRE DVA, a phase based stiffness tuning algorithm, which does not rely on an accurate model of the DVA, is proposed in this study. According to equation (7), the cosine of the phase angle can be expressed as
When the natural frequency of the DVA is smaller than the excitation frequency, the cosine of the phase angle is negative. When the natural frequency is greater than the excitation frequency, the cosine is positive. When the natural frequency coincides with the excitation frequency, the cosine equals zero. Also, the cosine of the phase angle varies from −1 to 1 continuously. Therefore, the proposed tuning rule of the magnetic current is
where I is the magnetic current and γ is the gain. For the MRE DVA, the natural frequency of the DVA increases with increasing magnetic current. If the gain γ is chosen to be negative, the following formula holds.
Obviously, if < 1, the magnetic current increases, which leads to an increase of the natural frequency of the DVA until = 1. Similar results can be obtained when > 1. Therefore, even though an accurate relationship between the magnetic current and the natural frequency of the MRE DVA is unknown, the magnetic current will tend to the desired value that makes the natural frequency of the MRE DVA coincide with the excitation frequency, i.e. = 1. Figure 5 depicts the phase based stiffness tuning algorithm for the MRE DVA. The magnetic current is controlled by the cosine of the phase angle of the relative acceleration of the DVA mass with respect to the absolute acceleration of the primary system. Therefore, it does not rely on an accurate model of the MRE DVA. Also, the tuning algorithm does not need to gather a block of data for FFT analysis to identify the excitation frequency. It needs less time than the traditional control algorithm to obtain a satisfactory control effect. Moreover, the mathematical operations and the low-pass filter in figure 5 can be easily carried out by an electrical circuit or a DSP program. Therefore, the implementation of the proposed tuning rule is simple.
Simulation
Simulation parameters
In order to evaluate the phase based stiffness tuning algorithm, simulations were carried out by MATLAB Simulink. The mathematical model used in the simulation is the same as the model in figure 1 . The natural frequency, the relative damping coefficient and the mass of the primary system were 25 Hz, 0.05 and 20 kg respectively. The initial natural frequency, the relative damping coefficient and the mass of the MRE DVA were 20 Hz, 0.05 and 1 kg respectively. The cut-off frequency of the low-pass filter was set at 10 Hz. The amplitude of the harmonic excitation force was 100 N. Though the proposed tuning algorithm does not rely on an accurate description of the relationship between the magnetic current and the natural frequency of the MRE DVA, the relationship between the magnetic current and the natural frequency was assumed to be linear in order to carry out the simulation. Figure 6 shows the simulation results using an acceleration signal for the phase based stiffness tuning. The simulation time was divided into four parts. When t < 5 s, the excitation frequency was 25 Hz and the natural frequency of the DVA was 20 Hz-with the tuning algorithm not working. When the time reached 5 s, the tuning algorithm started to work. It can be seen that the natural frequency of the DVA tended to 25 Hz quickly and the vibration of the primary system was suppressed significantly. When the time reached 20 s, the excitation frequency was changed to 30 Hz. Due to the change in the excitation frequency, the vibration of the primary system became severe. However, the MRE DVA could track the excitation frequency and tune its natural frequency quickly with the help of the phase based stiffness tuning algorithm, and once again the vibration of the primary system was According to equations (8) and (9) 
Effect of different signals
Effect of noise
When the phase based stiffness tuning algorithm is used in engineering applications, noise should be considered. In order to investigate the effect of noise on the control effect of the phase based stiffness tuning algorithm, noise was introduced manually in the simulation. In the previous simulation, the excitation force was sinusoidal with an amplitude of 100 N. Considering the effect of noise, the excitation force in this simulation was composed of two parts. One was a sinusoidal excitation force with an amplitude of 100 N and the other was a randomly distributed excitation force. The simulation results are shown in figures 9 and 10. Figure 9 shows the results with a maximum random force of 50 N and figure 10 shows the results with a maximum random force of 100 N. When the random excitation force was introduced, the response of the primary system was no longer sinusoidal. As well as the sinusoidal part, a random part was added in the response of the primary system. Despite that, the phase based stiffness tuning algorithm did not lose its ability. The MRE DVA can still track the excitation frequency and suppress the vibration of the primary system.
Comparing figures 6, 9 and 10, it can be seen that the tuning time was longer when noise was added to the excitation force. In figure 10 , the maximum random excitation force was 100 N, which was equal to the amplitude of the harmonic excitation force. Under this condition, the time was still less than 1 s. As in most applications the noise is small compared to the excitation force of interest, the effect of the noise on the proposed stiffness tuning algorithm can be neglected and the algorithm remains robust.
Effect of gain
Another factor in the implementation of the phase based stiffness tuning algorithm that should be considered is the gain. In the previous simulations, the gain was fixed at −2. In order to investigate the effect of the gain, the control effects of the proposed algorithm with different gains were simulated. The excitation frequency was 25 Hz and the initial natural frequency of the DVA was 20 Hz. The results are shown in figure 11 . It can be seen that the gain affects the control effect significantly. With increasing absolute value of the gain, the tuning time decreases. However, an overlarge absolute value of the gain would cause oscillation of the magnetic current, i.e. an oscillation of the natural frequency of the DVA. Therefore, in the implementation of the phase based stiffness tuning algorithm, the gain should be chosen carefully considering both the tuning time and the oscillation problem.
Experiment
Experiment setup
To further validate the phase based stiffness tuning algorithm, an experimental setup (shown in figure 12 ) was established for real-time control. A beam with two ends clamped was used as the primary system. The size of the beam was 1000 mm × 100 mm × 12 mm. The beam was made of steel with a Young's modulus of 200 GPa, density of 7800 kg m −3 and Poisson's ratio of 0.3. The structure of the MRE DVA is shown in figure 13 . The MRE worked in shear mode. By controlling the current in the magnetic coil, the shear modulus of the MRE can be varied. Thus, the natural frequency of the MRE based DVA can be tuned. Figure 13(b) shows the frequency shift property of the MRE based DVA. A lookup table can be established from figure 13(b) for the relationship between the natural frequency of the MRE DVA and the magnetic current. However, this lookup table cannot be used in real-time control. As mentioned in section 1, the shear modulus of MRE varies with the excitation frequency, strain amplitude and time. Therefore, the results shown in figure 13 (b) can only give a rough description of the property of the MRE based DVA and indicate the frequency band of the DVA. Besides, from figure 13(b), it can be seen that the damping of the MRE based DVA varies with the magnetic current. However, from figure 3, the phase angle between the relative displacement of the DVA mass and the absolute displacement of the primary system is always equal to 90 • when the natural frequency of the DVA coincides with the excitation frequency, which is independent of the damping. Therefore, the change of the damping would not cause mistuning of the natural frequency of the MRE based DVA. It affects only the vibration attenuation performance of the MRE based DVA.
In real-time control, two acceleration sensors were fixed on the DVA mass and the beam to collect their acceleration signals respectively. The phase based stiffness tuning algorithm was conducted by a DSP controller. The transfer function of the low-pass filter in the programming is
where s is the complex variable in the Laplace domain, ζ = 0.8 and ω n = 2π . A computer was used to collect the relevant signals and control the signal generator. 
Real-time control
The experimental results with a gain of −0.2 are shown in figure 14 . It should be mentioned that the cosine of the phase angle should be in the range of (−1, 1). However, due to the effect of the low-pass filter, the absolute value of the measured cosine of the phase angle may be greater than one, especially when the excitation frequency changes. According to the control algorithm shown in equation (15) , the variation tendency of the magnetic current would not be affected if the sign of the cosine of the phase angle was measured correctly. Therefore, this effect of the low-pass filter can be neglected. In figure 14 , there are five time intervals. During the time interval t 1 , the excitation frequency was 60 Hz and the magnetic current was 0 A-with the controller turned off. When the time interval t 2 started, the controller was turned on. Immediately, the acceleration response of the beam decreased and the phase difference tended to 0 with increasing magnetic current. When the magnetic current was tuned to 0.266 A, the phase difference reached 0 and the best vibration attenuation effect of the MRE DVA was obtained. At the start of the time interval t 3 , the excitation frequency was changed to 70 Hz. Due to the mistuning of the natural frequency of the DVA, the vibration of the beam became severe. However, with the help of the phase based stiffness tuning algorithm, the MRE DVA could track the excitation frequency rapidly. It can be seen from figure 14(a) that the vibration of the beam was suppressed significantly and the phase difference reached 0 within 4 s. Similarly, the excitation frequency was changed 80 Hz and 60 Hz at the start of time intervals t 4 and t 5 respectively. Under both conditions, the MRE DVA could track the excitation frequency rapidly. Therefore, from the experimental results, the proposed phase based stiffness tuning algorithm is efficient for the MRE DVA in tracking the excitation frequency quickly. Figures 15 and 16 show the experimental results with gains of −0.5 and −2 respectively. Similar to the simulation, the gain affects the control algorithm significantly. The tuning time of the MRE DVA decreases with increasing gain. However, an overlarge gain can lead to oscillation of the magnetic current, decreasing the vibration attenuation effect of the MRE DVA ( figure 16) . Therefore, the gain should not be overlarge in real-time control. For the MRE DVA in the experiment, a gain with an absolute value smaller than 0.5 is suitable to obtain a satisfactory vibration attenuation effect and tuning time.
Conclusion
This work presents a novel phase based stiffness tuning algorithm for a MRE DVA. The phase difference of the relative acceleration of the DVA mass and the absolute acceleration of the primary system is used to check whether the natural frequency of the MRE DVA is adjusted to the excitation frequency. The phase difference is obtained by a low-pass filter. The proposed algorithm does not rely on an accurate model of the relationship between the magnetic current and the natural frequency of the MRE DVA. Therefore, the nonlinearity caused by the MRE does not influence the control effect. In addition, no FFT is conducted in the signal processing, which shortens the tuning time in real-time control. The experimental results show the tuning time is less than 4 s. Therefore, the proposed phase based stiffness tuning algorithm is efficient and fast for the MRE DVA in tracking the excitation frequency. 
